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Abstract 



Integral invariants in maximally supersymmetric Yang-Mills theories are discussed in spacetime 
dimensions 4 < D < 10 for SU (k) gauge groups. It is shown that, in addition to the action, 
there are three special invariants in all dimensions. Two of these, the single- and double-trace 
invariants, are of Chern-Simons type in L> = 9, 10 and BPS type in D < 8, while the third, 
the double-trace of two derivatives acting on F^, can be expressed in terms of a gauge-invariant 
super-D-form in all dimensions. We show that the super-ten-forms for D = 10 F'^ invariants 
have interesting cohomological properties and we also discuss some features of other invariants, 
including the single-trace cPF^, which has a special form in D = 10. The implications of these 
results for ultra-violet divergences are discussed in the framework of algebraic renormalisation. 
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1 Introduction 

Integral invariants in maximally super symmetric theories, supergravity (MSG) or super Yang- 
Mills (MSYM), can be viewed as possible higher-order corrections to string or brane effective 
actions or as potential field-theoretic counterterms. Since no off-shell supersymmetric actions 
are known for maximal theories, these invariants have to be constructed in a perturbative fashion 
starting with expressions that are invariant under on-shcU supcrsymmetry. Broadly speaking, 
there are two main categories of on-shell invariants, those that can be expressed as integrals over 
the full superspaces (with 16 or 32 odd coordinates for MSYM and MSG respectively) of gauge- 
invariant integrands, and those that cannot. The latter can usually be expressed as integrals over 
some subsuperspace, that is as superactions [1], or as generalised chiral (harmonic superspace) 
integrals [2]. We shall refer to the former as long and the latter, of which there are very few, as 
short, since the multiplets of which the invariants are the top components have these properties. 
We can regard any independent MSYM invariant as a possible deformation of the usual MSYM 
action. The presence of such a deformation will alter the supcrsymmetry transformations and 
induce higher-order terms as a consequence. In the case of full superspace integrals, there is no 
problem in extending such an invariant to all orders in an expansion parameter, such as a' , but 
this is not so obvious for short invariants. 

In the current paper we investigate the question of invariants for MSYM in spacetime dimensions 
4 < D < 10, although we do not study their non-linear higher-order extensions. There is a full 
classification for D = 4, N = 4 [3] . This is a special case because the starting theory m D = 4 
is super conformal, a fact that was exploited in [3] in the construction of the invariants. The 
short invariants, of which there are just three, give rise to spacetime integrals that are the 
supersymmetric completions of terms of the form trF^,tr^F^ and (ftv'^F^, where tr^ indicates a 
double-trace. The pure terms are one-half BPS, that is they correspond to short multiplets 
that are independent of one-half of the odd coordinates when the latter are appropriately chosen, 
while the (Ptr'^F^ invariant is one-quarter BPS, i.e. it is independent of one-quarter of the odd 
coordinates. However, it is sometimes useful to think of the latter as "pseudo" one-half BPS, 
that is, to express it as an integral of a one-half BPS-type superfield which is a descendant of 



1 



the one-quarter BPS primary [4]. To do this, recaU that the field strength superfield for MSYM 
in D = 4, A/" = 4 is a scalar Wr in the 6 of 50(6). From this scalar one can construct two scalar 
bilinears, the Konishi multiplet, K := ti{WrWr), and the supercurrent Jrs '■= tT{WrWs) — ^SrsK . 
The supercurrent is an ultra-short one-half BPS multiplet; it has 128 -|- 128 components and has 
an expansion that terminates at fourth order in the odd coordinates. It can be integrated over 
four odd coordinates and gives rise to the on-shell action [1] . There are several independent scalar 
multiplets that can be formed from the square of the supercurrent: the symmetric traceless 105 is 
one-half BPS and gives rise to the tr^F^ invariant, while the 84, which has the symmetries of the 
Weyl tensor in six dimensions, is the one-quarter BPS multiplet that gives rise to d^tr^F^. The 
pseudo-one-half BPS superfield is obtained by inserting two contracted spacetime derivatives, 
one on each factor, into the one-half BPS product of two super currents. It is a descendant of 
the one-quarter BPS superfield up to a total spacetime derivative. 

A similar situation obtains for the short multiplets in dimensions 5 and 6 [4]. In Z? < 9 the field 
strength superfield is a scalar, Wr, r = 1 . . .n where n = 10 — D, but in = 7, 8 there are only 
one-half BPS multiplets and no one-quarter BPS ones because the latter type of constraint is 
incompatible with manifest Lorentz symmetry in these dimensions.^ In D < 8 the supercurrent 
is the traceless, symmetric product of two Ws, and the Konishi multipct is the singlet product. 
Although there are no one-quarter BPS superfields in D = 7, 8, we can still form pseudo-one-half 
BPS fields by inserting a pair of contracted spacetime derivatives in the one-half BPS product 
of two supercurrents, which is again a symmetric, traceless fourth-rank SO{n) tensor. 

In dimension 9, the field strength is a singlet W with tiW'^ being the Konishi superfield. The 
supercurrent is an antisymmetric Lorentz tensor Jab that has dimension three (in units where 
the dimension of W is one), and has 128 -|- 128 components. However, in D = 10, there are 
no physical scalar fields, and the supercurrent is a dimension-three, third-rank antisymmetric 
tensor Jabc [5]. It combines the components of both the 128 -|- 128 and Konishi multiplets and is 
not locally reducible into a the sum of the two. It is therefore not so easy to generalise integral 
invariants of the BPS type to D = 9, 10. 

The way round this problem is to make use of the so-called "ectoplasm" formalism [6, 7, 8]. This 
allows one to construct spacetime super symmetric invariant integrals in D dimensions starting 
from closed £)-forms in the corresponding superspaces. The idea is to integrate the purely even 
part of the super- Z)-forni, evaluated setting the odd coordinates 6 = 0, over spacetime. The 
super invar iance of the resulting integral is guaranteed by the fact that the superform, say, is 
closed. Note that any exact D-form will integrate to zero so that we are really concerned with 
the -Dth cohomology class of super-forms. 

In the next section we shall study supersymmetric invariants in D = 10. It is well-known that 
the action itself and the invariants are Chern-Simons invariants, in the sense that they can be 
constructed, using the ectoplasm formalism, from closed, Weil-trivial {D + l)-forms built from 
invariant polynomials [9]. A feature of the non-abelian F^ invariants, not previously remarked 
upon, is that, unless one wishes to introduce explicit dependence on the fermionic coordinates, 
the corresponding super-ten-forms have a more complicated structure than those that have 
been constructed hitherto. We can also use this formalism to construct the d^tr^F^ invariant 
in = 10 by the insertion of two contracted spacetime derivatives. In this case, however, it 
turns out that the Chern-Simons nature is only apparent and that there is a closed, strictly 

^Our definition of a BPS superfield is one that is independent of some sots of fermionic coordinates each of 
which transform under the smallest spinor representation for the spacetime dimension in question. It might be 
possible to consider splitting up the basic spinor representations, i.e. to use Lorentz harmonics, but we do not do 
this here. 
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gauge- invariant superform. Since any D = 10 invariant gives rise io a D = 4:,N = 4 invariant 
with manifest SU (4) symmetry by dimensional reduction it follows that there cannot be more 
invariants in = 10 than in D = A, and this explicit construction shows that there arc the same 
number of short invariants in Z) = 10 and D = 4. A consequence of the existence of the cPtr'^F'^ 
in Z) = 10 is that such an invariant exists and has maximal R-symmetry in all dimensions D <9; 
furthermore, as will be discussed in more detail in section four, it has the same cocycle type as 
the closed super- form for the action, and so is not protected by algebraic non-rcnormalisation 
theorems. In addition to the short invariants, section two also contains a discussion of various 
other features of D = 10 invariants, such as Konishi and d^F^. In section three, we explicitly 
show how to reduce invariants to lower-dimensional spacetimes and in section five we state our 
conclusions. 

2 D = 10 invariants 
2.1 Basic formalism 

Our conventions are as follows: spacetime indices are a,b,..., running from to — 1, while 
spinor indices are a, P . . . running from 1 to 16 and internal vector indices are r, s . . ., running 

from 1 to n = 10 — D; ten-dimensional 16 x 16 gamma-matrices arc denoted by and the even 
(odd) coordinates of = 10 superspace are (x",^"). The supersymmetric invariant basis forms 
are 

= dx" - ^dr(r'^)«/3^^; = dO" , (2.1) 

and the dual invariant derivatives are da and 

Da = d^+'-{V''9)^da. (2.2) 

With respect to this invariant basis an n-form splits into a sum of (p, g)-forms where p+q = n and 
p (q) denotes the number of even (odd) indices. The exterior derivative splits into three parts, 
d = do + di+to with bi-degrees (1, 0), (0, 1) and (—1, 2) respectively. The operation to, which is 
purely algebraic, converts a (p, q)-iorm into a (p—l,q + 2)-form by the contraction of one of the 
even indices of the form with the vector index of the dimension-zero torsion T^is'^ = —i(X'^)ai3 
and then by the symmetrisation of all {q + 2) odd indices on the form and the torsion. It is 
not difficult to see that = 0, so that there are associated cohomology groups Hf''^ [10]. In 
D = 10 these vanish for p > 6 while the cohomology for p > 1 is related to the five-index gamma 

1112 

matrix except for two additional contributions in ' and ' whose existence is due to the 
single- index gamma-matrix [9]. For p = 0, H^''^ is isomorphic to the space of pure g-spinors, 
i.e. symmetric, gamma-traceless (0, g)-forms. We can also define an odd derivative that acts 
on fo-cohomology. It is defined by ds[u}p^q] = [diUp^g], where the brackets denote to-cohomology 
classes. It is easy to check that the spinorial derivative dg is well-defined and that it squares 
to zero so that we can define the so-called spinorial cohomology groups Hf''^ [11, 12]. It is a 
generalisation of pure spinor cohomology with which it coincides in the case p = [13]. 

The field strength two-form in iD = 10 superspace has Fap = and Fa/s = {Ta)iS'yA.'^ ■ The 
Lie-algebra valued field strength superfield A" has the spinor field of the D = 10 SYM multiplet 
as its leading component; it obeys the constraint 
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(2.3) 



where Fab is the (2, 0) component of the field strength whose leading component is the spacctimc 
Yang-Mills fields strength. The form of Faj3 and (2.3) follow from the basic constraint Fq,^ = 
which can be viewed as a pure spinor integrability condition [14, 15]. By use of the Bianchi 
identity one can then show that the field equations hold for A" and Fab- They are 

r'^VaA = 

V'^Fab = 2iAr„A, (2.4) 

where the right-hand side is Lie-algebra valued because the quadratic expression in A forces 
antisymmetry in the group indices. 

The supercurrent is 

Jabc = tr(Ar„6eA) . (2.5) 

The simplest full superspace integral of a gauge-invariant integrand that can be constructed in 
= 10 is the integral of the square of the supercurrent, which leads to a spacetime integral 
of d^ti'^F^. (The double-trace is required because the symmetrised single-trace of A^ vanishes 
identically.^) Furthermore, there are no gauge-invariant BPS supcrficlds that one can construct. 
This means that the construction of invariants with lower dimensionality requires a different 
approach to D < 8. As we mentioned in the introduction, this is the ectoplasm formalism. In 
D spacetime dimensions, given a closed super D-form, Ld, in superspace, the integral 

1 = jd'^x e^^-^'^Lm,...mo (x, = 0) (2.6) 

is supersymmetric owing to the fact that Ld is closed. Now suppose we are given a closed super 
{D + l)-form Wd+1 = dZn, where Zd is an explicit potential form that is not gauge-invariant, 
and such that Wd+i is Weil-trivial [16], i.e. Wd+i = dKo, where Ko is gauge-invariant, then 
Ld = Ko — Zd is closed and so can be integrated using the ectoplasm formula. Such an 
invariant is called a Chern-Simons invariant owing to the presence of the Chern-Simons form 
Zo. Green-Schwarz actions for branes are examples of this [17]. 

In order for a closed D-form to give rise to an invariant it must have a non- vanishing L^ o 
component, at least in fiat superspace which is the case of interest here. It will have a lowest 
non-zero component, F-p^q say, (lowest means lowest mass dimension, i.e. smallest p) that must 
satisfy toLp^g = and that must not be of the form io-f^p+i,q-2 since such a term vanishes in to 
cohomology. So the lowest component will be defined by an element of i^f '^, the cohomology 
associated with the nilpotent operator to, and moreover it must be dg-closed, i.e. it must be 
an element of Hp'^. In D = 10 Hf''' vanishes for p > 5 so that the simplest possibility for the 
lowest non-vanishing component of a closed super-ten-form is an Ls^s that must have the form 
^5,5 = r5^2Afo,3 where (is[Mo,3] = 0. The integral invariant corresponding to such a form can 
be expressed as a Berkovits superaction integral over five thetas [13] . The spacetime integrand 

^There are other A* possibilities involving AFiA or AFsA but these contain gauge commutators. 
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of such an invariant is [D^\^l^"' M^^^; it involves the contraction of two 42 • 16-dimensional 
representations with opposite chiraUty, [00030] and [00003] in terms of Dynkin labels. 

However, there can be other more general types of closed super-ten-forms as we shall discuss 
below. Indeed, more generally, wc can ask the question of when a ds-closed element [ojp^q[ 
of iff '"^ determines a closed n-form, for n = p + q- The answer is that there is a sequence 
of possible obstructions, [Ap+i^^], [Ap+2,5-1], [Ap+3_5_2], . . . ,each of which is ds closed provided 
that the preceding ones in the sequence are dg exact. If they are all exact, and if we set 
[Ap+r,5-r+i] = ds[fip+r,q-r]i then the entire closed n-form will be determined by the sequence of 
elements [ci^p,^], [fip+i^q-i], . . .. This is easy to see; suppose Up^q is a representative of [wp^g], then 
there is an ojp^i^g^i such that diWp^g + io^^^p+i.g-i = 0. Hitting this equation with di we find that 
doUJp,q + dlUJp-^-l^q-l := Ap_|_i^q is to-closed although not necessarily exact. It is also easy to check 
that the associated to-cohomology class, [Ap+i^g], is d^-closed. If this is dg exact, we can redefine 
Wp+i^g-i and deduce the existence of an (-Op^2,q-2 such that doiOp^g + diUp^i^g-i + to'^p+2,g-2 = 0, 
which is the {p + l,q) component of the equation for a closed {p + gf)-form. We can then iterate 
this procedure by applying di to this equation. 

For D = 10 the tg-cohomology groups -fff''^ can be related (via the five-index T-matrix) to 
cohomology groups for pure spinor {q — 2)-forms taking their values in A^^^Tq, where Tq is the 
even tangent bundle, i.e. tensors with k = (5 — p) antisymmetrised vector indices in addition 
to {q — 2) spinorial form indices, modulo equivalences.'' Wc denote these cohomology groups by 
H^''^~'^ (A'^Tq) . It is also possible to extend the definition of dg to act on these groups [9], so the 
obstructions to a dg-closed {p, 10 — p)-form determining a closed super-ten- form lie in the groups 
Hn,ii-n ^ ij0,9-n^^5-n2|^)^ ioT n = p + 1, . . . 5. Clearly < p < 5, while the last obstruction 
will lie in H^'^. If the lowest component of the ten- form lies in H^'^ there are no obstructions 
(this is the usual case), but if the lowest component has p < 5 there can be obstructions. This 
turns out to be the case for the Chern-Simons invariants as we shall see below. 

2.2 Chern-Simons invciriants 

The D = 10 Chern-Simons invariants are constructed from the invariant polynomials P4 := tiF^, 
Ps := trF^ and Pg := (trF^)^. They are written in terms of Chern-Simons forms as P4 = dQs, 
Ps = dQ'j and Pg = dQ'-j. Clearly a possible choice for Qy is Q'-j = Q3P4. The on-shell action is 
itself of this type; the closed 11-form is 

Wn = H^P^ , (2.7) 

where dif7 = and in flat superspace Hf is proportional to Fs 2. It is easy to see that Wn is 
Weil trivial and that the lowest component of the corresponding K is 

if8,2 ~ «r5,2 Js.o + 3zFi,2 * Js.o • (2.8) 
To see this, note that the lowest component of P4 is P2,2 with 

^2,2 ~ ^^0 ^3,0 + lr2abc,2J'^'' , (2-9) 

We can choose Ziq = H7Q2, so that the lowest non-vanishing component of L is clearly Ls^s = 
-^5,5. In fact, one simply has Mo,3 ~ Qo,3- 

^There are two exceptional cases: H^'^ and H^'^ , but they are not relevant to the forms we are interested in 
here. 
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The invariants involve Pg or Pg multiplied by the closed three-form which in flat super- 
space is proportional to ri_2- Again it is not difficult to prove Weil triviality [9]. In both of 
these cases the lowest component of the corresponding K is if6,4- For the double-trace, 

Ke,4 = iVl,2hfiP2,2 + |r3„6,2 J"^,0P2,2 , (2.10) 

and a similar analysis applies in the single-trace case with ^6 4^ trA^. 

At this stage we have two options for Ziq . The simpler one is to keep manifest Yang-Mills gauge 
invariance and to choose a gauge for the 'external' two-form B, the potential of H^. This involves 
the introduction of an explicit factor of 9 into the problem, but its simplicity makes it useful for 
other purposes. However, in order to understand the structure of the cocycle relevant to non- 
renormalisation theorems within the framework of algebraic renormalisation, it is important to 
consider a cocycle which does not depend explicitly on 9, for which the components are related by 
supersymmetry in the normal fashion. This requires the introduction of the Yang-Mills Chern- 
Simons seven- forms without specifying any particular gauge, i.e. to choose the Wess-Zumino 
parts of the closed supcr-tcn-forms to be Ziq = H^Qj and Ziq = H^Q-^P,^, respectively. It 
turns out that the closed super-ten-forms in this second approach involve non-vanishing lowest 
components with even degree less than five, whereas the former method leads to forms that start 
at i^5,5. 

Chern-Simons cocycles 

Consider first the double-trace invariant in this second approach. The lowest component 
Z3J ~ ri^2Qo,3-P2,2 is to-trivial, so that we can find a cohomologically equivalent Z' which has 
lowest component 

^4,6 ~ r4a,2iV",4 , (2.11) 

where iVi_4 ~ '^i,iQo,3 is projected into the [10004] component.^ The lowest component of 
the ten- form is therefore ^4^5 = ^^[e- From the discussion at the end of subsection 2.1 we 
see that N defines an element of if^''^(To) which must be dg-closcd. This in turn leads to a 
possible obstruction to the existence of a closed ten- form with this lowest component. It lies in 
Hg'^ = Hg'^ and must be trivial because Lio is closed. We therefore have a (0,4)-form, Oo,4, 
such that [00,4] = (is[Afo,3] for some Mq^^. If the form Oo,4 were to be zero, then the cocycle 
derived directly from L^^ would have a vanishing top component, Liq^q, because D^Ni^^ does not 
contain a singlet. Furthermore, there would have to be a d^-closed Mo,3 in order to obtain a non- 
zero top component. In other words, the cocycle would split into two irreducible multiplets, one 
with a standard Lf^^ first component defining the invariant, and the other starting as L'^^q- The 
highest non-zero component of L''""', say Lg"J, would define a conserved current (in spacetime) 
which would not be a total derivative (i.e. its divergence would only vanish because of the 
equations of motion). However, there is no such conserved current within the multiplet of Ni^4. 
It therefore follows that Oo,4 cannot vanish. Furthermore, there can be no independent dg-closed 
[Mq^s] because there is only one invariant. In the following we shall confirm these expectations 
explicitly. 

"'The notation in this equation signifies that one of the even indices on Fa, 2, labelled by a, is contracted with 
the even vector index on TV. This notation is used in the following for both even and odd indices. 
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The [10004] projection of N is given by 



(2.12) 



with the gamma-traceless component of the supersymmetry current 



A), 



(2.13) 



and Qo,3 the [00003] component of Qo,3 



(2.14) 



Z4 g is not to-trivial, and the super-ten-form associated to the double-trace F'^ invariant thus 
does not admit a representative with a vanishing ^4^6- 

A possible obstruction to the definition of the (5, 5) component would be associated to a (4, 7) 
to-cohomology class 



d^Zi^eiN) ~ r4„,20",5(iV) (2.15) 

where ^5 would be an operator in the [10005]. However, DN\^i vanishes in the [10005], and 
so there is no such obstruction. The obstruction to the definition of the (6,4) component is 
associated to a (5, 6) to-cohomology class given by 

doZ;6(iV) + diZ^,5(iV) ~ r5,2 Oo,4(A^) (2.16) 

where Oo,4 is an operator in the [00004] . There are two distinct components in this representation 
descending from iVi^4, so that 

[O0,4] ~ [D\bc [r"'']l"Ar'^,3a + cdaN\i (2.17) 

for some coefficient c determined such that [(iiOo,4] = 0. This is possible because the only 
component of D^Ni^4 in the [00005] is the total derivative 

[didaN^,4] ~ r\2P4,odoQo,3 , (2.18) 

where ^ 

Pabcd = tr F[abFcd] - -^d[aJbcd] ■ (2.19) 
^This differs slightly from the component that occurs in the superconformal multiplet. 
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To discuss Oo,4 more explicitly, let us describe some relevant components of the superfield Qo,3- 
DQo,3 decomposes into two irreducible components of (3i,2 and Sabcap = JE^llc^-iQaP&i ^ 

Ihi a "I 3^ a ^ abc " 

DsQap-y = -^^'s{aQa,P'i) ~ -^^tapQ a,^)5 + -^lia^ abc,Pi) 'i (2.20) 

where the [10002] 

Q'l,2 = 5 {Qi,2 + -^^l,2^""°'^Qa,ccl3 " -^^^ ,2^ 1,°'^ Q a,al3 - ^^a,2^""''^Q\,aP 
-^[^li J,l (^a,la I - 2Q I ^ ,1 -^lab.la + ,2^ ^^lob.a/S 

-]^[rir'''"'],l"S'abc,la + ^r"'',i"[rir'=],/s'a6c,a/3^ (2.21) 

and the [00102] 53^2 is the corresponding component of -D^Qo,3 decomposes similarly into 
Q'2,1 in the [01001]', Sabcd,<x in the [00012], S„6c,d,a in the [10101] and Sabcd,ef,<x in the [01012]. 

Using representation theory, one computes that (where = T"-^'°^ ^ivFab^^) 

[Oo,4] - CiS« i9„Qo,3 + C29aH",iQo,3 + C3[r'^'']i"a„Sft,igo,2a + CA[T''\''d%diJabc) Qo,2a 

-\-r'^^'^^ 2(c5pabcdQ'e,2 + C^d^ JabfScde,2 + Cjd^ JabcSdef,2 + C^PabJ Sdef,2 + CgSa^i^fecde,! 

+ Clo[r-^^]l"SaaiS'6cde,/g,l) + Cll[r"'']i"E;a,i96(5o,2a + Cl2\P"'\la'^'^ daQo,2, 
~ -diMo,3, (2.22) 

with 



+c'5S'^,iQ;2 + ^r'^.i^S^Q;^ + c',[T'^''VKSabc,2 + 4 [r'^''=]laS"S„;,e,2 • (2.23) 

Therefore 

Z^,5 = 45(iV)+r5,2Mo,3, (2.24) 

but Mo,3 is clearly not a descendant of A''i_4 since DNi^^ does not have a [00003] component. 
Moreover, two terms in Mo,3 involve the trace of the energy momentum tensor T, which is not a 
descendant of H^.i, and the component of Qi^2 in the [00011] which is not a descendant of Oo,3- 
To show that Oqa indeed appears with a non-vanishing coefficient, it is enough to compute that 
one coefficient does not vanish, say ciq. We have 

r4a,2A^",4 = r4a,2H^iQo,3 + io14,4 (2.25) 

with 
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^5,4 = ^r4a,2ri,°'^E;^Qo,2/3 + ^r4a,2r"'"^2i_Q<3o,2^ — Y^[r5ra],l"S"_iQo,2a 



I 



T^r4„,2rr,],i"ri/^H!;Qo,ia/3 • (2.26) 



One computes 

(r4a,2iV«,4) = -to (r4a,2S",iQi,2 " ^r4„,2 (Ti" + ^^fe'^l"'') Qo,3 



- yri,2P4go,3 + |^3''^2Aa6Qo,3 + C^lV^5,4 ) , (2.27) 



and 



<h (r4a,2A^",4) + C?l (r4a,2S",ig'i,2 + " " " + ^1^5,4) 



^ia,2{Ti' + -<9feJl"^j + -ri_2A - -r3"^,2-P2ab 0'l,2 + (^0^5,4 
= r4a_2(s"_i(doOo,3 + diQ'12) — <^0"",lOo,3) 

[r4a,2 (Ti'^ + Ji"'') + ^ri,2P4 " ^^3"^2P2ab] Qo,3 • (2.28) 

Oo,4 does not appear here explicitly, but one must take into account that the 5 representative 

that we have used involves the components of S"^i(5'a^2 ^-^d T^^'^ ,1°^ PabcdQo,2a in the [00003] 
which do not appear in DNi^4. One computes in the same way that (iiV5,4 involves a non- 
vanishing [r"*]i"H^S'abc,2 term in the [00003], exhibiting that c'^ = —j^- Because 

ll^ J,l "0-^060,2 ~ i ,2i ,1 ^a,a^bcde,fg,l (2.29) 

in pure spinor cohomology, and because such a term can only be cancelled by the corresponding 
terms in diV5^4 involving the components of Si_i53,2 in the [20003], the [01003], the [00014] and 
the [10103] which appear in the corresponding components of DNi^^, we conclude that ciq is also 
non-zero. In particular, as exhibited in (2.28), the unprojectcd T4a,2^"' ,iQo,3 only contribute to 
Oo,4 through terms in D^Hi iQo,3, Si,ic?oQo,3 and Hi idiQ'^ 2; a-nd therefore only contribute to 
the coefficients (c2, C3, C4), (ci, cn) and cg, respectively. 

Mo,3 is not a supersymmetry descendant of A/"i 4, but Oo,4 is a supersymmetry descendant of 
both Afo.3 and A''i 4, and thereby provides the 'bridge' which relates the double-trace invariant 
to A^i,4. The field Mo,3 satisfies the constraint 

diMo,3 - -[DXbc [r"'']l"iV'=,3a - cdaN\4 (2.30) 

in pure spinor cohomology, which is weaker than the conventional linear constraint, but strong 
enough in order for [Z)^]"^'^Mq,^^ to define a supersymmetry invariant in spacctime. To see 
this one makes a supersymmetry variation, i.e. one applies another D to [Z)'']"^''Mq,^^, and 
verifies that the result can only be a spacetime divergence. This makes use of the fact that the 
component of N^^^ in the [00001] is a total derivative by representation theory. 
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Note that this imphes that this cocycle differs in structure from a cocycle associated to an 
ordinary superspace integral in another sense, namely that, although Lg^i usually only involves 
a [00010], this cocycle has, in addition, a component in the [10001] representation i.e. 

L9,l ~ Tg,,a[D^r^"''Mp^s + [D'r^mg,,^^^ . (2.31) 

The discussion of the single-trace invariant is rather similar. In this case, the lowest component 

Zl,9 ~ ri_2 Qo,7 , (2.32) 

is again to-trivial, so that one can choose a cohomologically equivalent representative Z' such 
that its lowest component is 

-^2,8 ~ Q^2abc,2S"''"^,e , (2.33) 

where S^^e = [^3]°'^DaQo,60 projected into the [00106]. Again 3 is neither to-trivial nor 
di-exact, and there is no super-ten-form representative of the invariant with a vanishing (2, 8) 
component. The supermultiplet structure of the super-ten-form is similar to the one of the 
double-trace invariant, although one must encounter at least two 'bridges' as in (2.16,2.22,2.24), 
instead of just one, in order to obtain the last component Zl^ g^ from the invariant -Lio,o-^ 

S-field cocycles 

As discussed in the beginning of this section, one can also remove the lowest component in order 
to obtain a gauge invariant cocycle starting as ^5^5 ~ r5^2M3,3, at the cost of introducing an 
explicit dependence on the fermionic coordinates 6. In order to do this we shall take Zio = B^Ps 
where dB2 = H3. In flat superspace one can choose Bi^i = toTi^^ where tg indicates the 
contraction of a form with the odd vector field 9" Da- After some gamma-matrix algebra, one 
can show that the double trace Ls^s ~ -Bi,i-P2,2-P2,2 is equivalent (up to to-exact terms) to an 
expression of the standard form, r5^2Afo,3, with 

Mo,3 ~ iera,2i^",2 (2.34) 

where 

= (^'"^'^'^■^)l3-fJabcJdef ■ (2.35) 

In this expression, we can take the product of the two supercurrents to be in the [10002] rep- 
resentation of the Lorentz group owing to the self-duality of the gamma-matrix and the fact 
that the four-form trace in gives a to-exact term in (2.35). It is not difficult to see that 
^5,5 ~ -Bi,iP4,4 has the correct form in the single trace case as well. 

Any pure spinor integral can be trivially rewritten as 

I S\ [D^rf-^ M^p^ = I d}\ [D^r^[DMUp , (2.36) 

^One 'bridge' is necessarily associated to a (5, 6) to cohomology class, and the second could be associated to 
either a (3, 8) or a (4, 6) to cohomology class, or all three of them could be necessary. 
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where the integrand in the second expression is in the [10002] representation, but no longer 
obeys a simple linear constraint in D. If we do this for the double-trace invariant, we can get 
rid of the explicit 9 and rewrite it in the form 

/ = Jd'^iD^r^Yaap , (2.37) 

where 11,2 is given by (2.35). 
2.3 The dhr^F"^ invariant 

We can also use the double-trace Chern-Simons invariant to construct the d^tr^i^^ invariant in 
D = 10. This can be done by inserting two contracted spacetime derivatives into the eleven-form 
H^Pg = H3P4P4. We can write this as H^d^P^daPA, where the derivative of a form is the form 
with the derivative acting on its components. The above analysis goes through in exactly the 
same way in the presence of the derivatives. For H3P4P4, we have seen in the last section that 
there is a representative defined by -Mo,3 ~ 0J^ (2.35), so when the derivatives are inserted we 
shall simply get Od^JdaJ leading to a spacetime integrand of a similar form to that discussed 
in the introduction for this type of invariant in lower-dimensional spacetimes. Note that such a 
procedure cannot be used for the single-trace invariant as the derivatives would either have to 
sit outside the trace, leading to a total derivative, or, if taken inside, would have to be covariant 
and hence spoil closure of the W^-form. 

We have therefore succeeded in constructing the double-trace (PF^ invariant m. D = 10, but it 
actually turns out to be expressible in terms of a strictly gauge invariant closed super-ten-form. 

To see this, note first that daOJ = CaUJ, where a; is a form and Ca denotes the Lie derivative 
along the basis vector Ea = da in flat superspace. We therefore have 

CaP = iadP + diaP = diaP , (2.38) 

where La denotes the interior product with the basis vector Ea and P is an invariant polynomial 
form. Therefore the eleven-form Wn 

Wii:=H^LaP4C''PA = H^{dLaP4)C^P4 

= d{H3iaP4C''P4) := dVio , (2.39) 

since dCa = Cad. But we already knew that the left-hand side can be written as dKio, for some 
KiQ (and also as dZio), so that Lf^ := Kiq — Viq is closed and strictly gauge- invariant. 

We shall now argue that Lf^ cannot be exact. To see this, let us go back to the superform 
Lio = KiQ — ZiQ. Since 2^io,o = it follows that the spacetime integrand is given by Kio,o- We 
know that this is not zero because it is simply the same as that for the tr^F^ invariant but with 
two inserted derivatives. But similarly, wc can see that Vio,o = and so the new, gauge-invariant 
L'lQ also gives rise to a spacetime integral of i^io.o- If Kio ^ ^lo were exact, this integral would 
have to vanish, which it does not, as we have just argued. This means that there is a 
invariant in D = 10, and that it can be derived from a strictly gauge-invariant closed superform. 

The lowest component of Kio is Ke,4, which can simply be obtained from (2.10) by inserting 
derivatives. So the lowest component of L'"" is determined by V. As defined, this is actually 
V4,6) so we first have to show that this is to exact. This turns out to be the case with 
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V4,6 = ri,2t„P2,2>C"P2,2 = -^0^^5,4 , 



(2.40) 



where 

iV5,4 = , (2-41) 

and where 

ri,2>C"P2,2 = toX2^2 ■ (2-42) 

In fact, a similar equation to (2.42) holds for P2,2 without the derivative, so that X°- ~ d^J. So 

now, if we add a term dN to V, where A'^ has lowest component 4, the resulting object will 
have a (5, 5) lowest component which is to closed, and we just have to rewrite this in the form 
^5,2Mq^^ to find the lowest component of the gauge-invariant superform for cPtr^F'^. After some 
algebra one finds that 

MT ^r'''^'"''',2da^b,lJcde , (2.43) 

up to to-exact terms. One can also check explicitly that this expression is not trivial in spinorial 
cohomology, thereby obtaining a direct proof that this closed super-ten-form really does give 
rise to the required invariant. 

This is the main result of the D = 10 analysis. We have now shown how all the short D = 4 
invariants can be derived from D = 10 invariants, and that they are of Chcrn-Simons type, 
except for d^tr^F*^, for which there is a gauge-invariant super-ten-form. Before we move on to 
discuss the dimensional reduction of these special invariants we shall make some brief comments 
about other invariants in D = 10. 

2.4 Other D — 10 invariants 

The first is the single-trace d^F^ invariant. It was shown in [3] that, in L> = 4, this is given by 
the full superspace integral of the Konishi superfield, a result that generalises to all dimensions 
except I? = 10 where there is no independent Konishi supermultiplet. The supercurrent does 
admit a non-local decomposition into 128 + 128 together with a scalar superfield [5], so that the 
latter can be projected out. This is the way that this invariant was constructed in [18]. However, 
there is a local alternative, which is to integrate a scalar projection of the Chern-Simons three- 
form over the whole of superspace. The formula is: 

/ = J d''xd'^e{n"^Qaa^ . (2.44) 

Although the integrand is not gauge- invariant, it changes by a total derivative under gauge 
transformations, and so its integral is an invariant. It clearly has the same dimension as the 
Konishi superfield and hence will give rise to the same invariant. We shall verify this explicitly 
when we dimensionally reduce it to nine dimensions in the next section. 

There are two further possible invariants of this type. They are given by contracting the (5, 2) 
components of the single- and double-trace Chern-Simons forms with F^'^. These are d^F^ 
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invariants; the single-trace example was discussed in [18]. In principle one could get invariants 
of the same type by integrating over the full superspace, but it is easily seen that there is no 
scalar in the symmetrised single-trace case owing to the Grassmann nature of A. However, in the 
double-trace case there is, because the A"^ integrand is just J^. It is likely that the double-trace 
Chcrn-Simons seven-form integral is equivalent to this, but we have not explicitly checked this. 

In D < 10, full superspace integrals of give rise to d^F^ type invariants. Such invariants 
cannot be constructed in an obvious fashion in D = 10 owing to the absence of a scalar field 
in the SYM multiplet. In the abelian case, it is known that there is such an invariant from 
superembedding considerations. It is easy enough to reproduce this result using the ectoplasm 
formalism because we can insert two pairs of contracted derivatives into H^F'^. This does not 
generalise to the non-abelian case, at least not in the single-trace case. In fact, it was shown 
sometime ago [19], using completely different methods, that there should be a single-trace d^F'^ 
term in the string effective action and that it goes together with other terms of the same 
dimension such as F^. Recently, this has been confirmed from a supersymmetric viewpoint: the 
single-trace term in the action induces higher-order terms through the action of non-linear 
supersymmetry transformations, and these terms do indeed include d'^F^ [20].^ So the fact that 
there is no independent invariant of this type in Z? = 10 is perfectly consistent because this 
term is induced from F'^. On the other hand, there should be an independent double-trace d^-F^ 
invariant because we can repeat the argument made above for dpF'^ starting from two pairs of 
derivative insertions. If this is the case, then it would not necessarily imply that the double-trace 
term in the action does not induce a d'^F'^ term automatically, although this could be the 
case if there is only one such term. 

3 Dimensional reduction 

In this section we shall study what happens to the D = IQ invariants when they are reduced 
to D < 9.^ We shall see that both of the F^ Chern-Simons invariants retain this property in 
= 9, but below that they can be replaced by gauge-invariant super Z)-forms and that the 
latter are what one expects from direct computations in these dimensions. We shall underline 
ten-dimensional vector indices and set E- = {E"", E^), where r = 1 . . . 10 — D = n. We shall also 
underline ten-dimensional forms, but continue to write spinor indices as 16-component. For the 
SYM potential we have 

A:=A + E^Wr, (3.1) 
where Wr are the scalars in D dimensions. The ten-dimensional field strength is 

F = {F + CWr) + E^'DWr - ^E'E''[Wr,Ws] . (3.2) 

Here D denotes the gauge-covariant exterior derivative in D dimensions, all fields are indepen- 
dent of the compactified coordinates and C = dE"^ is the dimension-zero torsion in the extra 
dimensions. We can easily read off the constraints on the lower-dimensional field-strength tensor 
from the D = 10 ones using this equation. 

For an arbitrary p-form uip we have 
'^In [20] the gauge group is U{k). 

^The construction of invariants by dimensional reduction was first discussed in [21] 
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— "^p + E^^p,r + • • • ■ ■ ■ ^^^'^p-n,ri...r„ ■ (3-3) 

If LUp is closed, then it is only the last term in the expansion that is closed by itself in the lower 
dimension. 

Now consider the D = W Chern-Simons invariants. They can be derived starting from a 
closed eleven- form W_ii = H_^Pj^, where Pg can be single- or double-trace. Moreover, W_ii = 
dK.10- If reduce this to nine dimensions, then we find, with W_ii = Wn + E^Wiq, and 
similarly for K, that Wio = dKg. And we also have 

= Wn+E^Wio 

= (//3 + ^'^2)£8 (3-4) 

where ^3 = + E^H2. Since Pg = P^iA), i.e. is a polynomial determined by A, and 
since A = A + E^W, we know, from the general properties of such polynomials, that PgiA) = 
PsiA) + d{E^XQ), where Xq is some gauge-invariant six-form in nine dimensions. We therefore 
find 



Ww = H2{Ps + G^Xe)-H3dXe 

= H2P8 - diHsXe) , (3.5) 

since dH^ = — G^i?2- So the natural D = 9 Chern-Simons object, H2PS, is Weil trivial and is 
equal to the exterior derivative of Kg + H^X^. We can therefore construct a super-nine-form 
starting from this point. The lowest component of Kg is i^5,4, but the lowest component of H^Xq 
actually has bidegree (1,8), the point being that the natural Chern-Simons construction in 
D = 9 leads to a superform whose lowest component is Li^g as opposed to the L^^^ one would 
have obtained by direct dimensional reduction of the super-ten-form in D = 10. 

We can now repeat this manouevre and go from D = 9 to D = 8 starting from the natural H2P8 
form in D = 9. Now, however, we find that there is no Hi: it is identically zero. Instead, we 
find that there is a natural closed, gauge-invariant eight-form given by Kg — H2XQ, where K^ 
is derived by dimensional reduction from Kg + H^Xq and Xq is derived from Pg in a similar 
fashion to Xq, but in one fewer dimension. This means that we now have a gauge- invariant 
super-eight-form in D = 8 that gives rise to an P^ invariant by the ectoplasm construction. So 
the two invariants are of Chern-Simons type in _D = 9, 10 but in all lower dimensions they 
are given by gauge-invariant super- Z?-forms whose lowest component is in Lo,_d. 

The other Chern-Simons type invariant in D = 10 is the on-shell action which can be obtained 
starting from the eleven- form HytiF^. In flat superspace Hj ~ r5^2) and so the Chern-Simons 
nature of the action is maintained for D > 5. In D = 4 it reduces to a gauge-invariant expression 
which is equivalent to the four-^ superaction formula given in [1]. 

We now consider the dimensional reduction of the integral of the Chern-Simons three-form given 
in (2.44). We have 

QsiA) = QsiA + E^W) = Q3{A) + Ehi{2WF{A) + GV) + d{ti{AE^W)) , (3.6) 
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and, from (3.2) and the D = 10 constraints, 



(3.7) 



The integrand in (2.44) can be written as 



(TT^QaaM) = (TT^QaaM) + (r^)"''Q9a/3 , 



(3.8) 



and (3.6) imphcs that the second term on the right is proportional to trW'^ up to a derivative 
term that integrates to zero. The first term can be evaluated by contracting all four spinor 
indices in the relation Po,4 = o^iQo,3 + toQi,2 with two factors of T^. The derivative term will 



under dimensional reduction to D = 9. Since trVF^ is the Konishi superfield in D = 9 this 
confirms the claim made below (2.44). 

4 Implications for ultra-violet divergences 

In the algebraic approach to the renormalisation of MSYM in various dimensions, admissible 
counterterms are those that can be associated with a closed super-D-form that has the same 
structure as that of the action [22]. This result is derived in the component formalism starting 
from the putative counterterm considered as a spacetime D-form and then deducing the existence 
of a sequence of spacetime {D — A;)-forms by descent. This descent series is then equivalent to 
a super-D-form of the type we have been considering in the ectoplasm approach. 

The invariants, as we have seen, are given by Chern-Simons type expressions in Z) = 9, 10 
but can be replaced by gauge-invariant super-D-forms in D < 8. These gauge-invariant super- 
forms certainly have a distinct structure to that of the action which allows one to prove that 
counterterms of this type are forbidden within the algebraic approach [22]. However, as we saw 
in section 2.2, the D = 10 Chern-Simons cocycles for the invariants are already longer than 
that of the action due to the fact that their lowest components have bi-degrees (4, 6) or (2, 8) 
instead of (5,5). If we reduced these directly, we would expect to retain this structure in lower 
dimensions. Either way, these invariants would be protected purely by algebraic renormalisation. 
There is a third argument one could use which is that, because Chern-Simons type operators 
can only get renormalised by gauge-invariant operators [23], one does not need to consider the 
possibility that these invariants could be defined as the top component of Chern-Simons type 
super-D-forms of the same structure as that of the action. 

Finally, we consider the one-quarter BPS invariant (Ptr'^F^. As we have seen, this has a gauge- 
invariant super-ten-form compatible with the Lagrangian, which can be reduced straightfor- 
wardly to any lower dimension. We therefore conclude that the algebraic method does not 
protect this operator from renormalisation. This is only relevant in D = 5, 6, 7, since in D > 8 
it can only occur in D = 10 at one loop where the algebraic non-renormalisation theorem is 
not valid. In D = 7 this invariant corresponds to a two-loop counterterm which was found to 
be non-zero in [24, 25]. In D = 6, however, recent computations [26] based on the unitarity 
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method have shown that this invariant, which now occurs at three loops, is in fact ultra-violet 
finite. The algebraic method therefore does not explain this, although it appears that string- 
based arguments can [27] (see also [28] for a recent discussion based on a first-quantised pure 
spinor approach). In [4] it was argued that there is a difference between D = 7 and D = 6 in 
that the cocycle for the former could be shown to be equivalent to that of the action while this 
was not true in D = 6. One might think that one could simply reduce the D = 7 expression 
to D = 6, but this would not automatically lead to a fully D = 6 R-symmctric super-form. 
However, a closer analysis of the cohomology reveals that there is not a problem with this. The 
cohomological analysis in D = 6 and D = 5 is somewhat involved, but the construction of the 
invariant in D = 10 simplifies the analysis considerably as it is now obvious that the one-quarter 
BPS invariant is not protected by the algebraic method in any dimension. 

The finiteness of D = 6 MSYM at three loops in the double-trace sector therefore remains a 
puzzle from a purely field-theoretic point of view. It seems difficult to envisage a mechanism 
that can allow a counterterm in one dimension but not in another based on symmetry principles. 
There is one difference between D = 6 and D = 7, however. In D = 6 this invariant is strictly 
one-quarter BPS, while in D = 7, as we mentioned in the introduction, this notion is not 
compatible with Lorentz symmetry. If one takes the product of two supercurrents, for D < 6, 
the lowest scalar components define four different multiplets: one-half BPS, one-quarter BPS, 
and non-BPS, long and short types. This last multiplet satisfies a higher-order differential 
constraint (in terms of Ds). For example, in D = 4, the square of the supercurrent in the 
real 20-dimensional representation of 5[/(4) satisfies a second-order constraint which leads to 
its being a protected operator even though it is not BPS [29].^ In D = 7, on the other hand, 
the square of the supercurrent splits into three scalar superfields, of which one is one-half BPS, 
one is long, and the third obeys a higher-order constraint. It is this third one that contains the 
d^tr^F^ invariant. It may be the case that the sum of the one-quarter BPS and short multiplets 
is no longer reducible in D = 7, or perhaps that one can separate them at higher dimension. 
Either way, it does seem that there is a real difference but it is not clear that the algebraic 
method can detect this in the analysis of divergences. It might be that there is some, as yet 
unknown, off-shell formalism that is subtly different in the different dimension, but this is purely 
conjectural. 



5 Summary and conclusions 

In this article we have studied the invariants of maximally super symmetric Yang-Mills theory 
with gauge group SU{k), in Z) = 4, ... 10 using superspace techniques. We have focused on the 
short invariants because the long invariants, corresponding as they do to full superspace integrals, 
are much simpler to deal with. As we have seen, for D < 6, all of the short invariants are of 
BPS type except for the on-shell action itself, and this is also expressible as a gauge-invariant 
superaction in D = 4. There does not seem to be any good reason to expect this situation to 
change in 1 < D < 3, although we have not investigated this fully. For D > 6, the multiplet 
structure starts to change, and in particular, in D = 9, 10 we have seen that the invariants are 
of Chern-Simons type. We have also shown how one can construct further invariants by inserting 
spacetime derivatives and have made use of this trick to express the (fti'^F^ invariant in terms 
of a gauge-invariant closed super-ten-form via the ectoplasm formalism. In [18] a classification of 
single-trace invariants, mainly in D = 10, was given. The authors of this paper used completely 

^This operator was found to be non-renormalised by direct calculation in the context of AdS/CFT in refs 
[30, 31]. 
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different cohomological techniques to the ones we have used here, and in particular, did not 
make the connection between invariants and short multiplets so exphcit. 

The results of our investigations are summarised in the following table: 





trF^ 


trF^ tr^F^ 




dhrF^ 


L> = 10 


J ^D,0 








D = 9 




55 






D = 7,8 


57 


iBPS 






D = 5,6 






3 BPS 


■)•) 


D = A 


iBPS 


5? 


?5 


•>•) 



Table 1: Some MSYM invariants and their construction in various dimensions. The short 
invariants are, besides the action, the single and double trace invariants as well as the double 
trace (f'F'^ invariant. Q denotes the projection of the CS three-form and K is the Konishi 
superfield. The one-half BPS integral for the action in Z) = 4 is special (ultra-short) in that it 
is an integral over four 9s rather than 8. For 1 < -D < 3 the situation is expected to be the same 
asm. D = 4. 

Combining these results with algebraic renormalisation techniques we were able to confirm that 
the single- and double-trace F^ invariants cannot mix with the action, owing to the fact that 
they have different cocycle structures. On the other hand, the existence of a gauge-invariant 
closed super-ten-form for the dPii^F^ in Z) = 10 dimensions implies that the cocycle structure 
associated with this invariant will be the same as that of the action in all lower-dimensional 
spacetimes and hence that one is not able to conclude that it is protected by this argument even 
though it is known that it is finite in D = 6. There is a difference for this invariant in Z) = 7 in 
that it is only truly one-quarter BPS in D < 6 and below, but it is not clear from the algebraic 
point of view why this distinction should affect its ultra-violet properties. 
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